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Abstract. This paper is concerned with the collision free motion coordination of multiple
mobile robots sharing the same workspace. To successfully coordinate motion of multiple
mobile robots, a common approach is to assign priority level to each mobile robot. A mobile
robot with highest priority takes into account only static obstacles while other mobile robots
have to take into account both static obstacles and dynamic obstacles, which are the mobile
robots with higher priorities. Avoiding dynamic obstacles is based on avoiding time-obstacles
in the collision map. A mobile robot efficiently avoids the time-obstacles by minimum startup
delay time of its original trajectory along the predefined path. By applying the same principle
to all lower priority robots a collision free motion coordination of multiple mobile robots can
be achieved. A proposed method is fast and more intuitive then delaying a nonlinear traveling
length versus sampling time curve or mixed integer linear programming formulation, which
checks overlap between two intervals of any collision-time interval pair.
Keywords. Multiple mobile robots coordination, Decoupled method, Fixed path coordination,
Time-obstacles

Ahuja, 1992; LaValle, 2006). Regardless of the
mission of the robots, they must be able to effectively
share the same workspace to prevent interference
between the robots.
Coordination of multiple robots can be
categorized in various ways: (i) completeness whether they are guaranteed to find a solution if one
exists, (ii) complexity - the computational
requirements of the search process, and (iii)
optimality - the quality of the resulting solution.
Often, techniques that are complete and optimal are
computationally too intensive to be used in practice.
Alternatively, techniques that achieve computational
tractability typically trade off optimality and/or
completeness.
Two classes of methods (Todt et al., 2000) have
been proposed for coordination between multiple
robots in the same workspace. Centralized methods
compute the paths for all robots simultaneously.
These methods can find optimal solutions at the cost
of being computationally demanding, usually making
them unsuitable for satisfying the real-time
applications. Decoupled methods compute the path
for each robot independently ignoring the effects of

1. Introduction
Many practical applications of autonomous mobile
robots require the use of multiple robots. The range
of applications includes toxic residues cleaning,
transportation and manipulating of large objects,
alertness and exploration, searching and rescue tasks
and simulation of biological entities behaviors. The
usage of multiple robots has several advantages
compared to a single robot. For instance, the tasks
that can be accomplished are inherently more
complex than those that can be accomplished by a
single robot. Also, the system becomes more flexible
(since robots can have a variety of roles, the same
group of robots can be employed for many different
objectives) and robustness (system can be designed
so that a robot can take over the tasks of another
robot in case of failure).
Since the 1980s, researchers have addressed many
issues in multiple robots, such as control
architectures, communication, task allocation, swarm
robots, learning, and so forth (Parker, 2008). A very
critical issue is coordinating the motions of multiple
robots interacting in the same workspace (Hwang and
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any other robot and try to coordinate the resulting
motions. These methods are often computationally
much simpler than centralized methods but the
resulting paths can be far from optimal and are not
usually complete (Sanchez and Latombe, 2002).
An advanced solution of decoupled motion
coordination is to design fixed geometry trajectories
for all robots neglecting possible collisions with other
robots, and then ensure collision avoidance by
inserting a startup delay on original trajectories. This
is not computationally demanding and allows that a
lower priority robot passes safely through collision
areas. Two advanced startup delay approaches are
those based on a nonlinear traveling length versus
sampling time (TLVST) curve proposed in (Kant and
Zucker, 1986; Lee and Lee, 1987; Chang et al., 1994;
Park and Lee, 2006) and on mixed integer linear
programming (MILP) formulation proposed in
(Akella and Hutchinson, 2002).
In this paper we propose a new approach to
coordination of multiple mobile robots motion based
on minimum startup delay time. It is faster and more
intuitive than aforementioned approaches. Also we
present an approach to safety passing through a long
narrow corridor when the motion directions of the
colliding robots are identical. Approach is based on
minimal time-headway spacing policy between two
colliding robots.
The rest of the paper is organized as follows.
Chapter 2 presents an overview of decoupled
methods. Chapter 3 brings problem formulation,
construction of time-obstacle and collision map and
criteria for minimum startup delay time. Simulation
results are presented in chapter 4. Conclusions are
drawn in chapter 5.

for the previous robots A1 ,..., Ai 1 , treating these
higher priority robots as dynamic obstacles. A
potential field based algorithm for coordinating
prioritized robots is presented by Warren, 1990.
Prioritized planning consists of two steps. Firstly,
determination of an efficient priority order and,
secondly planning a collision free trajectory in the
presence of other (existing) trajectories. The choice
of priorities significantly impacts on solution quality
(van den Berg and Overmars, 2005). One can
optimize the choice of priority by searching the space
of all assignments (Bennewitz et al., 2002) but such a
search is computationally expensive and does not
guarantee finding a solution if one exists. The
trajectory of a robot with higher priority can cause
that a lower priority robot is not able to find a
feasible trajectory. In such cases the trajectory of the
higher priority robot needs to be revised, in order to
find solutions for all robots (Zhu et al., 2013). This
procedure requires more processing time. A dynamic
priority strategy in decentralized motion planning for
formation forming of multiple mobile robots is
presented by Liu et al., 2009.
Fixed path coordination approach decouples the
planning problem into path planning and velocity
planning (Kant and Zucker, 1986). The path planning
step first generates path for all robots independently,
using a path planning method for single robots in
environments of static obstacles (e.g. roadmap, cell
decomposition, potential fields). The second step,
velocity planning, plans a velocity profile that each
robot should follow along its path so as to avoid
collisions with other robots. Note that the paths
planned in the first step are not altered in the second
step.
Researchers mostly use TLVST representation of
collision area (Kant and Zucker, 1986; Lee and Lee,
1987; Chang et al., 1994; Park and Lee, 2006;
Johnson and Hauser, 2012). Because of nonlinear
characteristics of TLVST curve, it is not easy and
intuitive to find minimum startup delay time to
coordinate multiple mobile robots, so researchers
focus on only few robots and few collision areas.
Johnson and Hauser, 2012, presented a
computationally very demanding optimal, exact,
polynomial-time planner for optimal boundedacceleration trajectories along a fixed, given path
with dynamic obstacles. However, it assumes straight
path and used a simple double integrator to model
robot dynamics. Akella and Hutchinson, 2002,
developed an MILP formulation for the trajectory
coordination of large numbers of robots by only
changing robot start times (see Fig. 1).
Komlosi and Kiss, 2011, represent collision area
of two robots with, so called, time-obstacle. The main
advantage of that collision representation, which is
used to find minimum startup delay time, is linear
presentation of time-distribution of original trajectory
along predefined path.

2. Decoupled motion coordination
methods
A decoupled method for motion coordination of
multiple robots in the same workspace reduces the
time complexity for finding a solution, which makes
it more practical in applications comparing to
centralized methods. Instead of searching for a
solution to the entire problem, it is divided into
smaller problems that can be solved independently in
less time. This comes at the cost of losing
completeness and optimality. A decoupled method
may not find a solution, even if it exists. In decoupled
planning, two approaches exist (LaValle, 2006),
namely prioritized planning and fixed path
coordination.
Prioritized planning approach is originally
proposed by Erdmann and Lozano-Perez, 1987. In
this approach, priorities are assigned to each robot. A
path is planned for the first robot using any singlerobot path planning approach. The path for each
successive robot Ai , then takes into account the plans
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trajectory as  t  . Robot velocity is specified a priori
by specifying a time parameterization of trajectory:

Note that fixed path coordination approach allows
only for a robot to change its time-distribution along
a predefined path. This method is very efficient with
respect to processing time, while the resulting
trajectories can be quite inefficient, since avoidance
in time is used, while avoidance in space is ignored.
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Fig. 1. Above: timelines for robots A1 and A2 with
multiple collision intervals. Below: collision-free
timelines for robots A1 and A2 being delayed at its
start (example taken from Akella and Hutchinson,
2002).

3. Proposed motion coordination
approach
The goal of the proposed motion coordination
approach is to find minimum startup delay time of
original time-distribution for each mobile robot
(except for the robot with highest priority) so that no
collisions between robots occur.
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To avoid collision we change the timedistribution of original trajectory, i.e. find minimum
i
startup delay Tmin
:
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A differentiable function  given by:

 : t   0, T     t      0,1 ,

(4)

Now we consider collisions with dynamic
obstacles, i.e. with mobile robots with higher
priorities. A collision between i-th robot and all
possible dynamic obstacles is given by:



 :    0,1       q  C .

(3)

Suppose that for robot Ai exists a path  i  i
such that no collisions between robot and static
obstacles occur:

3.1. Problem formulation
Suppose that m mobile robots share the same planar
workspace W  R 2 . Each robot Ai , where 1  i  m ,
has its associated configuration space C i , that is the
set of all robot configurations. The robot
configuration qi  C i contains complete specification
of the pose of every point of the robot system position x i , y i and orientation  i .
By path we mean the geometric specification of a
curve in configuration space:



 

The optimal time-scaling algorithm (Brezak and
Petrović, 2011a) is applied for trajectory planning
along the predefined path in order to traverse the path
in shortest time and to prevent wheel slip.
There are two sources of collisions in the
workspace: robot Ai can collide with (i) static
obstacle O , and (ii) robot A j (index j denotes robot
with higher priority level, j  i ).
We make the following assumptions to generate a
collision free coordination of the robot trajectories:
1. The only moving obstacles in the workspace are
the robots.
2. Each robot does not collide with the other robots
when they are at their start or goal configurations.
3. Each robot path is monotonic, i.e. the robot does
not go backwards along its path.
4. The dynamics of each robot is known accurately.
5. Each robot executes its specified trajectory, once
it starts moving.
6. The starting and final velocities of each of the
robots are zero.
7. The robot motions are sampled at sufficient
resolution so that no collisions occur during the
motion between successive collisions free
configurations.
8. Only one robot can be in collision area at a time.

A1

time

d i i
 t .
dt i

(2)

     A j  j t j   0 . (6)

   j 1,...,i 1


  

Moreover, it is possible to find optimal priority
order for all robots such that the total execution time
for the entire group of robots is minimized. To do
that it is necessary to change priority order each time
and execute algorithm m! times, where m is a
number of robots.

with  0  0 and  T   1 is a reparameterization of
the path  . Time variable is t and T is a constant
such that all robots complete their tasks in time T . A
path together with the parameterization defines a
trajectory. To simplify notation, we denote a
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passage of i-th robot through n-th collision area. On
X-axis of collision map are times that represent time
passage of higher priority robots than i-th through the
same n-th collision areas. Blue/green line with unit
gradient in Fig. 3 represents the time scaling of
original/delayed trajectory along predefined path
(Komlosi and Kiss, 2011).

3.2. Construction of time-obstacles and collision
map
A time-obstacle is always assigned to a collision area
around the intersection of two geometric paths. Each
collision area along the path of one robot generates a
time-obstacle. The time-obstacle assigned to a
j
j
collision area is the set of those t j  t enter
, t exit
and
i



i
i
t enter
, t exit







t 
pairs (index j denotes robot with
higher priority level, j  i ) where any parts of two
robots are located at the same place. We have to take
into account the real physical dimensions of the
robots, which mean that the entering time to a
collision area is when the front of the robot enters the
collision area, and the exit time is when its rear point
exits it. It is assumed that each mobile robot has a
physical safety area, which is represented by a 2-D
circle of center x, y  located in the point that
represents robot’s position and of radius R . The
potential collision between i-th and j-th robots occurs
when distance between two robots is less than or
equal to the sum of their safety radius:

x t   x t   y t   y t 
i

j

2

i

j

2

3.3. Criteria for minimum startup delay time
Avoiding time-obstacles includes collision detection
of the time-distribution of original trajectory with
time-obstacles. Finding minimum startup delay time
is very simple in case of rectangular shape of the
time-obstacles and linear unit gradient presentation of
the original time-distribution. Each time-obstacle is
translated on X-axis of collision map. If the timeobstacle is rectangle shaped with vertexes

t
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. Minimum startup delay time for i-th
robot is then given by difference set:
 0,   \

i
Tmin
 min 
j
i
j
i
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If the robot with lower priority cannot enter the area
until the higher priority robot has passed through it,
the time-obstacle will be rectangle shaped with



 , t

then its representation on X-axis is the line with the
j
i
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 texit
and the end point

 R i  R j . (7)
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where n denotes number of time obstacles between
i-th and j-th robots. In Fig. 3 union of translated timeobstacles on X-axis is represented by orange lines.
Green length represents a minimally delayed original
time-distribution.

and

i
enter

i
and t exit
are the time values
of entering and exiting the collision area for the lower
j
j
priority robot, and t enter
and t exit
for higher priority
robot. Fig. 2 shows colliding robots in the workspace
and the time-obstacle of the colliding robots.

Fig. 3. Collision map with time-obstacles (red rectangles),
time-distribution of original trajectory (blue line
with unit gradient) and minimum delayed original
time-distribution (green line with unit gradient).

When path geometries have common sections,
e.g. long narrow corridor, and when the motion
directions of the colliding robots are identical, it is
senseless that the lower priority robot waits until
higher priority robot passes through the long narrow
corridor. In such a case, nonlinear time-obstacle
characteristics t i t j (blue curve in Fig 4.) can be
approximated by a red parallelogram. Then minimal
time-headway spacing policy between two robots
through a common collision area can be applied. Let

Fig. 2. Colliding robots in the workspace (above) and the
time-obstacle of the colliding robots (below).

 

A collision map (see Fig. 3) contains one or more
time-obstacles (red rectangles in Fig. 3). On Y-axis
of collision map are lengths that represent time
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to prevent wheel slip, where it is considered that
weight distribution on robot wheels varies due to
inertial effects. Robot parameters and dynamic model
of the robot are given in Brezak and Petrović, 2011a.

t H be a minimal time-headway. Green parallelogram
with vertices  x1 , y1  , x 2 , y 2  , x3 , y 3  and x 4 , y 4 
is obtained by expanding red parallelogram with
time-headway t H . In Fig. 4, its translation to X-axis
of collision map is represented with orange line with
the start point min t1j  t1i , t 4j  t 4i , and the end
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Fig. 5. Workspace and robots’ paths used in simulation.
Tab. 1. Paths of the robots

Fig. 4. Parallelogram shaped time-obstacle expanded with
the minimal time-headway spacing policy between
colliding robots.

In our analysis, we assume that each mobile robot
executes its specified trajectory. However, it may not
always be fulfilled so that a robot may have to stop
due to emergency reasons. If the i-th robot stops in
non-collision area, then lower priority robots freely
proceed its travelling. If the i-th robot stops in
collision area, then lower priority robots must wait
until i-th robot continues its motion, or alternatively,
trajectories can be replanned for other robots by
considering the i-th robot as a static obstacle.

Path
Robot

Initial robot pose:
x[m], y[m], θ[rad]

Curvature profile parts:
si [m], k(s i) [m-1]

R#1

0.1, 1.8, -π/4

[0.7 0; 0.1 79; 0.1 -79;
0.9 0]

R#2

1.4, 0.2, π/2

[0.5 0; 0.1 70; 0.1 -70;
0.4 0; 0.1 87; 0.1 -87; 0.8
0]

R#3

0.1, 0.8, 0

[0.5 0; 0.3 10; 0.3 -10;
0.8 0]

R#4

0.5, 1.8, - π/2

[0.7 0; 0.5 6.3; 0.5 -6.3;
0.7 0]

The highest priority robot is R#1, the next one is
R#2 then R#3 and R#4 has the lowest priority level.
Time-optimal velocity along the path for robot R#1 is
drawn in Fig. 6. Minimum startup delay time for
R#2, R#3 and R#4 are shown in Fig. 7, Fig. 9 and
Fig. 11, respectively. The original (blue line) and the
minimum delayed (green line) time-optimal velocity
profiles along the path for R#2, R#3 and R#4 are
drawn in Fig. 8, Fig. 10 and Fig. 12, respectively.

4. Simulation results
The simulation was performed in MATLAB®. The
workspace and the paths of mobile robots system
with four robots, used in simulation, are shown in
Fig. 5. Robot path consists of lines and clothoids
(Brezak and Petrović, 2011b). The path of a robot is
defined by the initial robot pose and curvature profile
(see Tab. 1). Curvature profile consists of segments
with length s i m and end curvature k i s i  m 1 .
Initial curvature of the first segment is zero. The
curvature changes linearly between two segments.
A differential drive robot that has two driving
wheels and two castor (passive) wheels is used in
simulation. The length and width of the robots are
approximately the same and they both are 0.068 [m].
A physical safety circle with radius R  0.06m is
assumed for each mobile robot. A dynamic model of
the lightweight mobile robot takes into account
velocity and acceleration limits, as well as limited
adhesion force between robot wheels and the ground

robot R#1
1.8
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Fig. 6. Time-optimal velocity profile for robot R#1.
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Fig. 12. Time-optimal (blue) and minimum delayed (green)
velocity profile for robot R#4.

Fig. 8. Time-optimal (blue) and minimum startup delayed
(green) velocity profile for robot R#2.
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5. Conclusion

1.8
1.6

In this paper a new approach to coordination of
multiple mobile robots motion along predefined paths
is presented. The method is based on minimum
startup delay time of original time-distribution.
Important assumption for the successful motion
coordination is that a lower priority robot waits until
a higher priority robot passes through the collision
area. The criterion for finding minimum startup delay
time is proposed. A user may define a safety timeheadway around any rectangle shaped time-obstacle
if it is necessary.
In the future work we will analyze execution time
of the proposed method and evaluate it through realtime experiments.
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Fig. 9. Minimum startup delay time for robot R#3 (original
and delayed time-distribution are overlapping).
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